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Abstract
Small-strain shear modulus (G) is an essential parameter for many geotechnical analyses. Most of shallow foundations are

constructed in an unsaturated soil and the shear modulus of the unsaturated soil fluctuates because of the precipitation,
evaporation, and rising of ground water table. In this paper, a new mathematical model is proposed for the estimation of
the shear modulus function, Gunsat, which defines the relationship between small-strain modulus of unsaturated soil and ma-
tric suction. In the proposed model, the soil-water characteristic curve in the form of the degree of saturation is used as
the input information. There are additional two parameters named n and C, which can be calibrated with the experimental
data, are adopted in the proposed model. The estimated results show good agreement with the experimental data from lit-
erature. The proposed method can be used to track the tendency of Gunsat and minimize the data points from the laboratory
tests.

Key words: shear modulus of saturated soil, soil-water characteristic curve, shear modulus of unsaturated soil, estimation,
mathematical model

1. Introduction
The small-strain shear modulus (G) of the geological mate-

rial is a vital parameter for the estimation of the deforma-
tion of a compacted subgrade under dynamic load (Richart
et al. 1970; Jardine et al. 1986; Burland 1989). Sawangsuriya
(2006) and Zhou (2014) indicated that the shear modulus of
soil is commonly within the linear elastic zone correspond-
ing to the strain of less than 0.01%.

Suprunenko (2015) indicated that the shear modulus of a
soil is correlated to void ratio, confining pressure, and stress
history of soil under fully saturated or dry state conditions.
By considering those factors, several well-established models
(Hardin and Black 1968; Shibata and Soelarno 1975; Iwasaki
and Tatsuoka 1977; Hardin 1978; Shibuya and Tanaka 1996)
have been proposed for the estimation of the small-strain
shear modulus of soils. Recently, the effect of water content
on the shear modulus of a compacted subgrade has captured
the attentions of the geotechnical engineers. It has been ob-
served that shear modulus of soil can be affected by the infil-
tration, evaporation, and fluctuation of water table. Wu et al.
(1984) carried out a series of resonant column tests (RCTs) on
various types of sands and silts to examine the effect of water

content on G. It is observed that G increased with a decrease in
water content within a certain range and it decreased when
the water content decreases beyond certain value. Qian et
al. (1993) also conducted a series of RCTs on various angular
sands and produced similar observations. On the other hand,
Marinho et al. (1995) conducted a similar test on Cambridge
clay and he observed that its shear modulus constantly in-
creased with the increase in soil suction. The rate of increase
in shear modulus is gradually reducing with the increase in
soil suction. Picornell and Nazarian (1998) conducted exper-
iments on silts and clays and obtained similar observations
to Marinho et al. ’s (1995) results. Ng et al. (2009) carried out
a set of experiments to examine the effect of wetting–drying
on G, and they found that the shear modulus functions (SMFs)
of unsaturated soil in the drying processes were less than
those in the wetting processes. Similar results were gained
by Khosravi and McCartney (2012). In addition, Ng and Xu
(2012) did the investigation on the effect of the current suc-
tion ratio (CSR) and found that G increased with the growth
in the CSR. Oh and Vanapalli (2014) summarized the exper-
imental results from several published literatures and indi-
cated that the SMF of the cohesionless soil commonly exhib-
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Fig. 1. Typical behaviors of small-strain shear modulus with respect to suction (Oh and Vanapalli 2014).

ited two types of shapes and the cohesive soil commonly be-
haved three types of shapes as illustrated in Fig. 1. Various
researchers (such as Ng and Yung 2008; Biglari et al. 2011; Lu
and Kaya 2014; Han and Vanapalli 2016; Ngoc et al. 2019; and
Sawangsuriya et al. 2009) have proposed different models for
the estimation of the shear modulus from soil suction or wa-
ter content. However, these models were proposed more em-
pirically rather than theoretically. It is also observed that one
model may not have consistently good fitting performance
for the experimental data from different published literature.

In this paper, a new mathematical model was derived for
the estimation of the shear modulus for unsaturated soil. In
the derivation, the pores in unsaturated soil are divided into
two groups including (i) wet pores that are fully filled with wa-
ter and (ii) dry pores from which water has fully drained out.
In the proposed models, the soil-water characteristic curve
(SWCC) in the form of the degree of saturation (S-SWCC) was
employed. The incompressibility of the pores with diameter
less than 100 nm is also considered. The model parameters
are determined by best fitting the proposed model with the
experimental data. It is observed that the proposed model has
good performance in describing the behaviors of shear mod-
ulus of unsaturated soil as compared with experimental data
from literature.

2. Existing models for the shear
modulus of soils

Different models for the estimation of the shear modulus
of soils were reviewed in this section. The theories adopted
in these models were used as the basis in the derivation of
the proposed model.

2.1. Models for G of saturated or dry soils
The work from Sawangsuriya (2006) indicated that shear

modulus was mainly governed by three factors, including (i)
the normal stresses or the confining pressure (σ 0

′) exerted
on the soil, (ii) the overconsolidation ratio (OCR), and (iii)
the void ratio (e) or the density of the soil (ρ). As a result,
Sawangsuriya (2006) proposed a general equation for the es-

timation of the shear modulus as illustrated in eq. 1.

G = A(OCR)k f (e) P(1−n)
a (σn)n(1)

where A, k, and n are fitting parameters; OCR is the overcon-
solidation ratio; f(e) is the original void ratio function; Pa is the
atmospheric pressure; and σ n is the effective normal stress.

2.2. Mathematical models for the SMF
Oloo (1998) proposed the model for the estimation of the

resilient modulus from the matric suction. The model from
Oloo (1998) has a similar form as eq. 1. Vanapalli et al. (1996)
proposed the model for the estimation of shear strain behav-
ior for the unsaturated soil. Sawangsuriya et al. (2009) pro-
posed eq. 2 to compute the Gunsat of unsaturated compacted
soils from soil suction.

Gunsat = A f (e) (σn)n + Cψ�κ(2)

where A, C, and κ are fitting parameters; n is the stress expo-
nent (n = 0.5 is recommended by Sawangsuriya et al. (2009));
� is the normalized volumetric water content that can be ob-
tained by SWCC; f(e) is the void ratio function; σ n is the net
normal stress; and ψ is the matric suction.

By adopting the concept of modified effective stress from
Bishop (1959), eq. 2 can be modified to eq. 3 as follows:

Gunsat = A f (e) [σn + ψ�κ ]n(3)

where A, n, and κ are fitting parameters; others are the same
as those in eq. 2.

Considering the effect of degree of saturation on the shear
modulus, Lu and Kaya (2014) proposed a single-parameter em-
pirical equation as follows:

Gunsat − Gdry

Gsat − Gdry
=

(
θ − θdry

θsat − θdry

)m

(4)

where m is a fitting parameter; Gsat is the small-strain shear
modulus for the fully saturated soil; Gdry is the small-strain
shear modulus for the dry soil; Gunsat is the small-strain shear
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Fig. 2. Schematic diagrams of the proposed states.

modulus for the unsaturated soil; θ is volumetric water con-
tent for the unsaturated soil; θ sat is the saturated volumetric
water content; and θdry is the volumetric water content for
the dry soil.

By introducing the reference point, Han and Vanapalli
(2016) improved eq. 2 into eq. 5 as follows:

Gunsat − Gsat

Gref − Gsat
= ψ

ψref

(
S

Sref

)ξ

(5)

where ξ is a fitting parameter; Gsat is the small-strain shear
modulus for the saturated soil; Gref is the small-strain shear
modulus corresponding to the reference state; ψ is the ma-
tric suction; ψ ref is the matric suction corresponding to
the reference state; S is the degree of saturation; and Sref

is the degree of saturation corresponding to the reference
state.

3. Theory
The derivations of the proposed model for the estimation

of the shear modulus of unsaturated soil are explained in this
section. The assumptions adopted in the derivations are also
clearly introduced.

3.1. Assumptions adopted in the derivation
There are seven major assumptions adopted in the deriva-

tions, which are (i) the deformation of a soil results purely
from the deformation of the pores (both the soil particles and
water phase is incompressible); (ii) the small-strain moduli of
an unsaturated soil (including shear modulus, Young’s modu-
lus, and bulk modulus) are defined as the slope on the corre-
sponding stress–strain curve under constant suction; (iii) the
Poisson’s ratio is assumed to be constant for the entire suc-
tion range; (iv) the pores in unsaturated soil could be repre-
sented by a series of simplified fractions, which could be cat-
egorized into either the fraction with wet pores (fully filled
with water) or fraction with the dry pores; (v) the soil sam-
ple of either saturated soil or unsaturated soil is uniform and
the void ratio of the fraction is consistent with that of the
soil sample; (vi) the deformation of the dry and wet pores
in a soil is proportional to their original volumes; and (vii)
the pore size distribution of a compacted soil remains con-
stant when suction varies. It is known that water drains out

of the pores in soil following the Kelvin’s law, which means
that water drains out from the large pores first and progres-
sively from the smaller pores. In this case, the dry propor-
tion of unsaturated soil contains most of large pores, while
the wet proportion contains most of small pores. Arya and
Paris (1981) proposed the fraction method, which assumes all
the fraction to have the same porosity, to estimate the SWCC
from the grain size distribution data. Even though each frac-
tion has the same porosity in Arya and Paris (1981)’s fraction
model, the amount of the pores with different sizes can be dif-
ferent and can be defined by the pore size distribution func-
tion. Arya and Paris (1981)’s assumption has been adopted by
Satyanaga et al. (2017) and Zhai et al. (2020a). In this paper,
Arya and Paris (1981)’s assumption was also adopted in the
proposed method.

In the proposed model, three different states, such as State
0, State 1, and State 2, are considered. State 0 defines the state
of unsaturated condition under both net confining stress of
σ 0 kPa and matric suction of ψ kPa; State 1 defines the sat-
urated state under both confining stress of σ 0 kPa and suc-
tion of ψ kPa; State 2 defines the state of the completely
dried condition under only net confining stress of σ 0 kPa.
The schematic diagrams of those three states are illustrated
in Fig. 2.

3.2. Derivation of the model
The small-strain bulk modulus of the soil is commonly de-

fined by eq. 6 as follows:

K = − dp
dV/V

(6)

where K is the small-strain bulk modulus, p is the applied
stress, V is the volume of soil, and dV is the variation of soil
volume.

Note that both small-strain bulk modulus and small-strain
shear modulus are related to the small-strain Young’s modu-
lus as shown in eqs. 7 and 8.

K = E
3 (1 − 2v)

(7)

G = E
2 (1 + v)

(8)
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Fig. 3. Schematic diagrams of the relationship of wet pores,
dry pores, compressible pores, and incompressible pores.

Fig. 4. Pore size cumulative curve converted from soil-water
characteristic curve.

Fig. 5. The typical soil-water characteristic curve adopted for
the demonstration.

where E is the small-strain Young’s modulus; G is the small-
strain shear modulus, and v is the Poisson’s ratio.

Substituting eqs. 7 and 8 into eq. 6 gives eq. 9 as follows:

dV
dp

= −C0
V
G

(9)

where C0 equals to 3(1−2v)
2(v+1) , if ν is a constant based on the as-

sumption (iii), then the coefficient C0 is also a constant.
This equation relates the small-strain shear modulus to the

volume change of a soil. Based on assumption (iv), the pores
in the unsaturated soil could be represented by a series of
wet pores and dry pores. Thus, the volume change of the soil,
which is equal to the total volume change of pores, can be

divided into two parts, i.e., the volume change of wet pores
(dVw) and volume change of dry pores (dVd). As a result, the
total volume change with respect to load can be expressed in
eq. 10 as follows:

dV
dp

= dVw

dp
+ dVd

dp
(10)

where V denotes the total pore volume, Vw denotes the vol-
ume of wet pores, and Vd denotes the volume of dry pores.

To calculate dVw/dp and dVd/dp in an unsaturated soil,
three identical soil samples in State 0, State 1, and State 2,
respectively, are considered. The soil sample illustrated in
State 0 soil is divided into two types of fractions such as
the fractions containing only wet pores and fractions con-
taining only dry pores. As the soil sample is uniform, both
types of fractions should have a consistent void ratio, which
is same as that for the soil sample shown in State 0. Assuming
the meniscus exists at external rim of the fractions with wet
pores, those fractions can keep saturated and are subjected to
both confining pressure of σ 0 kPa and the suction stress of ψ

kPa. On the other hand, there is no meniscus in the fractions
with dry pores and the fraction is only subjected to confining
pressure of σ 0 kPa. As a result, eqs. 11 and 12 can be obtained
as follows:

dVw

dp

∣∣∣∣
State 0

= dVw

dp

∣∣∣∣
State 1

= dV1

dp
· Vw

Vp1
(11)

dVd

dp

∣∣∣∣
State 0

= dVd

dp

∣∣∣∣
State 2

= dV2

dp
· Vd

Vp2
(12)

where dV1 is the change in the volume of the soil in State
1 under a given stress increment; Vp1 is the total volume
of the pores in the soil in State 1; dV2 is the change in the
volume of the soil in State 2 under a given stress incre-
ment; and Vp2 is the total volume of the pores in the soil in
State 2.

Noting that the relationship between the degree of satura-
tion (S) and Vw, as well as that between the volume of pores
and void ratio, eqs. 11 and 12 can be rearranged as eqs. 13
and 14, respectively:

dVw

dp

∣∣∣∣
State 1

= dV1

dp
· S · Vp0

Vp1
= dV1

dp
· S · e0

e1
= dV1

dp
· S(13)

dVd

dp

∣∣∣∣
State 2

= dV2

dp
· (1 − S) · Vp0

Vp2

= dV2

dp
· (1 − S) · e0

e2
= dV2

dp
· (1 − S)

(14)

where S is the degree of saturation under a given suction, Vp0

is the total volume of the pores in the soil in State 0; e0 is the
void ratio of the State 0 soil; e1 is the void ratio of the State 1
soil; e2 is the void ratio of the State 2 soil; and others are the
same as those in eqs. 11 and 12.
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Fig. 6. The schematic illustration of the implications of the parameters.

Substituting eqs. 13, 14, and 10 into eq. 9 gives eq. 15 as
follows:

Gunsat = C0
V0

C0
V1
G1

· S + C0
V2
G2

· (1 − S)

= 1
1

G1
· S · V1

V0
+ 1

G2
· (1 − S) · V2

V0

= 1
1

G1
· S · e1+1

e0+1 + 1
G2

· (1 − S) · e2+1
e0+1

= 1
1

G1
· S + 1

Gdry
· (1 − S)

(15)

where V0 is the volume of the soil in State 0; Gunsat is the
small-strain shear modulus of the soil in State 0 or unsatu-
rated state; G1 is the small-strain shear modulus of the soil
in State 1; G2 is the small-strain shear modulus of the soil in
State 2 and is equal to the small-strain shear modulus of dry
soil sample Gdry; and others are the same as those in eqs. 13
and 14.

As the parameters of k, OCR, and f(e) are commonly con-
stant, eq. 1 can be simplified as eq. 16 as follows:

G = A(Pa)1−n(σn)n(16)

where A and n are fitting parameters; Pa is the atmospheric
pressure; and σ n is the confining net pressure.

The soil fraction in State 1 is surrounded by contractile
skins and subjected to suction stress of ψ kPa. The G1 can
be calculated from eq. 17 as follows:

G1 = A(Pa)1−n(σ0 + ψ )n(17)

where ψ is the matric suction.
Substituting eq. 17 into eq. 15, the following equation can

be obtained:

Gunsat = 1
1

A(Pa )1−n (σ0+ψ )n
· S + 1

Gdry
· (1 − S)

(18)

A is a fitting parameter that can be determined by the mea-
sured Gunsat data at a given suction; thus, an attempt to elimi-
nate it was made. As the unsaturated soil properties are com-
monly referred to the corresponding saturated properties,
the Gsat at zero suction was selected. Considering the relation-
ship between A and Gsat defined by eq. 16, and rearranging it
gives eq. 19 as follows:

A = Gsat

(Pa)1−n(σ0)n
(19)

Substituting it into eq. 18, the unsaturated shear modulus
can be estimated from the saturated shear modulus by eq. 20
as follows:

Gunsat = Gsat

(
1 + ψ

σ0

)n

S + Gsat
Gdry

· (1 − S) ·
(

1 + ψ

σ0

)n(20)

It is noted that Gsat and Gdry are commonly constant regard-
less the variation of soil suction. Equation 20 can then be sim-
plified as eq. 21 by introducing a new coefficient C as follows:

Gunsat = Gsat

(
1 + ψ

σ0

)n

S + C · (1 − S) ·
(

1 + ψ

σ0

)n(21)

where

C = Gsat

Gdry
(22)

3.3. Consideration of incompressible pores
A great number of studies have shown that the pores

within a cohesive soil can be divided into two groups, i.e.,
intra-aggregate pores and inter-aggregate pores. The pore
size distribution curve segment corresponding to the intra-
aggregate pores remains constant while loading or chang-
ing the water content (Delage et al. 1996; Lloret et al. 2003;
Romero and Simms 2008; Monroy et al. 2010; Kuila and
Prasad 2013; Otálvaro et al. 2015). In addition, the current
literature data showed that the characteristic pore size (the
maximum diameter) corresponding to the intra-aggregate
pores range from 10−6 to 10−4 mm. For the cohesionless soils,
it has been observed that under the stress range without dis-
integration, the segment at the most left of the curve remains
unchanged (Juang and Lovell 1986; Kutílek et al. 2006). In this
study, these pores are referred to as minimal pores. In other
words, the number and size of pores corresponding to this
curve section could also be considered constant. The maxi-
mum pore diameter of this segment typically ranges from
10−3 to 10−1 mm (Minagawa et al. 2008; Stingaciu et al. 2010;
Wang et al. 2023). Therefore, the pores in a soil can be di-
vided into two parts——compressible pores and incompressible
pores. The number and size of incompressible pores remain
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Table 3. Fitting parameters of soil-water characteristic curve (SWCC).

SWCC fitting parameters SWCC variables

Soils af (kPa) nf mf AEV (kPa) ψr (kPa)

ML-Std-Opt Cohesive soils 40.65 1.65 0.55 21.32 327.87

CL-2-Std-Opt 207.87 0.89 0.50 90.36 2364.00

CL-1-Std-Opt 235.43 0.82 0.57 91.85 2490.32

CH-Std-Opt 1208.40 0.91 0.74 310.71 3087.12

Bonny silt 12.67 1.31 1.03 4.57 127.00

Hopi silt 16.71 2.48 0.57 10.81 86.45

Iowa silt 11.06 1.70 0.71 5.58 90.27

Claystone 66.49 1.84 0.47 38.18 451.67

Bentonite 42.79 2.79 0.23 31.33 150.79

Missouri clay 36.87 1.65 0.52 19.59 300.98

Sand 1 Cohesionless soils 3.87 55.41 0.43 3.80 4.42

Sand 2 4.67 10.44 0.85 4.14 7.27

Sand 3 5.75 60.00 0.51 5.76 6.28

Sand 4 4.77 7.03 0.87 3.99 8.95

Sand 5 3.35 7.67 0.93 2.83 5.86

Fig. 7. Best fitted soil-water characteristic curves (SWCCs) for the cohesive soils.

Fig. 8. The best fitted soil-water characteristic curves for the
sandy soils redrawn from Khosravi et al. (2018).

constant with the change of stress and suction. Also, its num-
ber and size are the same among State 0, 1, and 2. Considering
the presence of incompressible pores, eqs. 11 and 12 should
be corrected as the following eqs. 23 and 24:

dVw

dp

∣∣∣∣
State 0

= dVw

dp

∣∣∣∣
State 1

= dV1

dp
· V c

w

V c
p1

(23)

dVd

dp

∣∣∣∣
State 0

= dVd

dp

∣∣∣∣
State 2

= dV2

dp
· V c

d

V c
p2

(24)

where V c
w is the volume of compressible pores in the wet part

of State 0 soil; V c
d is the volume of compressible pores in the

dry part of State 0 soil; V c
p1 is the volume of compressible

pores in the State 1 soil; V c
p2 is the volume of compressible

pores in the State 2 soil; and others are the same as those in
eqs. 11 and 12.

To calculate V c
w/V c

p1 and V c
d /V c

p2, the relationship of wet
pores, dry pores, compressible pores, and incompressible
pores, as illustrated in Fig. 3, should be articulated. According
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Fig. 9. The measured data of small-strain shear modulus of the cohesive soils.

Fig. 10. The measured data of small-strain shear modulus of
sandy soils redrawn from Khosravi et al. (2018).

to whether incompressible pores saturate or not, there are
two scenarios, i.e., scenario 1 and 2. Scenario 1 refers to the
situation when the incompressible pores are fully saturated,
while scenario 2 refers to the situation when the incompress-
ible pores are partially saturated. For scenario 1, V d

c /V c
p2 can

be calculated as the following eqs. 25 and 26:

V c
w

V c
p1

= Vw − V i
p

Vp1 − V i
p

= Vw/Vp0 − V i
p/Vp0

Vp1/Vp0 − V i
p/Vp0

= S − S′

e1/e0 − S′ = S − S′

1 − S′(25)

V c
d

V c
p2

= Vp2 − Vw

Vp2 − V i
p

= Vp2/Vp0 − Vw/Vp0

Vp2/Vp0 − V i
p/Vp0

= 1 − S
e2/e0 − S′ = 1 − S

1 − S′ = 1 − S − S′

1 − S′ = 1 − V c
w

V c
p1

(26)

where V i
p is the volume of incompressible pores and S′ is the

incompressible proportion of the volume of pores.
For scenario 2, the V c

w/V c
p1 is equal to zero, and V c

d /V c
p2 is

equal to 1. To combine these two scenarios, Se is used to de-
note V c

w/V c
p1, and therefore V c

d /V c
p2 is equal to 1−Se.

According to Zhai and Rahardjo (2015), by converting suc-
tion into pore size with eq. 27, SWCC in the form of degree
of saturation can be treated as the pore cumulative curve as
illustrated in Fig. 4. In this diagram, the value on the curve
corresponding to the maximum size of the incompressible

pore (characteristic pore size) is S′. In this way, the value of S′

of cohesive and cohesionless soils can be determined, and Se

can be calculated using eq. 28

ψ = 4T cos α

d
(27)

where T is the surface tension of water, and is 0.072 N/m at
25◦ C; α is the contact angle of soil; and d is the diameter of
the pore.

Zhai et al. (2019, 2020b) indicated that hydroscopic water
is dominated in the cohesive soil when the soil suction was
greater than 3100 kPa. In a cohesive soil, pores with size less
than equivalent suction of 3100 kPa can be treated as intra-
aggregate pores. As a result, Zhai et al. (2019) proposed to
modify the conventional SWCC by replacing S with Se as de-
fined in eq. 28 by removal of hydroscopic water in soil. This
modified SWCC is also adopted in this paper to remove the
effect of incompressible pores on the SMF.

Se =
⎧⎨
⎩

S − S′

1 − S′
(
S > S′)

0
(
S ≤ S′)(28)

where S′ is the soil suction corresponding to 3100 kPa for co-
hesive soil, and residual degree of saturation for cohesionless
soil.

Therefore, eq. 21 can be rewritten into eq. 29:

Gunsat = Gsat

(
1 + ψ

σ0

)n

Se + C · (1 − Se) ·
(

1 + ψ

σ0

)n(29)

3.4. Illustration of effects of the parameters in
the proposed model

To illustrate the effect of parameters in these two equations
on the curve, illustration plots are developed below. For illus-
tration purposes, σ 0 is set as 1 kPa, and a typical SWCC (Fig. 5)
is expressed by using Fredlund and Xing (1994)’s equation,
as illustrated in eq. 30, with fitting parameters (af =10 kPa,
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Fig. 11. The fitting results of the cohesive sample soils redrawn from Sawangsuriya et al. (2009).

nf = 2, and mf = 1) is employed.

S = C (ψ ) · 1{
ln

[
e +

(
ψ

a f

)nf
]}mf

=
⎡
⎣1 −

ln
(

1 + ψ

Cr

)
ln

(
1 + 106

Cr

)
⎤
⎦ · 1{

ln
[
e +

(
ψ

af

)nf
]}mf

(30)

where ψ is soil suction; af, mf, and nf are fitting parameters;
Cr is an input value for the rough estimation of the residual
suction, which is commonly set to 1500 kPa as recommended
by Zhai and Rahardjo (2012); and e is Euler’s number.

As illustrated in eq. 29, the shear modulus of unsaturated
soil is mainly governed by the fitting parameters C and n and
the shape of SWCC. By setting C equals to 0.1, the estimated
Gunsat values from the typical SWCC by adopting n of 0.1, 1,
and 1.5 are illustrated in Fig. 6a. On the other hand, the es-
timated Gunsat values from the typical SWCC by adopting n
equals to 0.1 and C to be equal to 0.01, 0.1, and 1 are illus-
trated in Fig. 6b. As shown in Fig. 6, the shape of the esti-
mated Gunsat is mainly controlled by the parameters C and n.
It seems the slope is mainly controlled by the parameter C,
while the peak point is mainly controlled by the parameter
n. A smaller value of C gives a steeper slope of curve, and a
larger value of n gives a higher peak point of the curve.

4. Verification of the proposed model
To verify the performance of eq. 29, a total of 15 RCT-based

datasets from Sawangsuriya et al. (2009), Dong and Lu (2016),
and Khosravi et al. (2018) are adopted. The soil samples are di-
vided into two groups such as sandy soils and cohesive soils.
The index properties of the soil samples are illustrated in
Tables 1 and 2 for the cohesive soils and the sandy soils, re-
spectively.

The fitting parameters in Fredlund and Xing (1994)’s equa-
tion for those soils are illustrated in Table 3 and the best fitted
SWCCs and the air entry value (AEV) and the residual suction
(ψ r) are shown in Figs. 7 and 8. The SWCC variables are com-
puted from the fitting parameters following the method pro-
posed by Zhai and Rahardjo (2012) and Zhai et al. (2017) and
are also illustrated in Table 3.

The measured data for the small-strain shear modulus with
respect to matric suction are illustrated in Figs. 9 and 10 for
the cohesive soils and sandy soils, respectively. It is notewor-
thy that the SWCC and the SMF datasets are all measured dur-
ing the drying process.

Equation 29 is used to best fit with the measured data as
shown in Figs. 9 and 10. Both the coefficient of determination
(R2) and root mean square error (RMSE), which are defined in
eqs. 31 and 32, respectively, are computed and illustrated in
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Fig. 12. The fitting results of the cohesive sample soils redrawn from Dong and Lu (2016).

Table 4. The best fitted results for those cohesive soils and the
sandy soils are illustrated in Figs. 11–13.

R2 = 1 − SSE
SST

(31)

RMSE =
√

1
N

· SSE(32)

where N is the total number of the data points within a
dataset; SSE is the sum of the squared errors as defined in
the eq. 27; and SST is the sum of the squares total as defined

in eq. 28.

SSE =
N∑

i=1

(̂yi − yi )
2(33)

where ŷi is the predicted value of the dependent variable at
the ith data point, and yi is the value of the dependent vari-
able at the ith data point.

SST =
N∑

i=1

(yi − ȳ)2(34)

where ȳ is the mean value of the dependent variable of all
data.
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Fig. 13. The fitting results of the sandy soils redrawn from Khosravi et al. (2018).

From the plots, it can be shown that overall, this model
can capture well the trend of the small-margin shear mod-
ulus with changing suction. In addition, the goodness-of-fit
indices also underpin this argument. All of the RMSE shown
in Table 4 are sufficiently small. Most of R2 is greater than
0.9, which, according to Witczak et al. (2002), indicates ex-
cellent fitting performances. Moreover, this model can repre-
sent the curves of cohesive soils slightly better than those of
cohesionless ones, and this may imply that although the pro-
posed model can fit data of cohesionless soils satisfactorily, it
might be more suitable for cohesive soils.

It is observed that the values of model parameters n and
C for the cohesionless soils are higher than those for the co-

hesive soils. As mentioned in 3.2 Derivation of the model, a
larger n implies a higher peak of the curve, while a relatively
large C is associated with a steeper slope. The characteristic
curves of Gunsat for cohesionless soils usually feature a peak
value of Gunsat. Therefore, they often have a larger n. In ad-
dition, the values of G for cohesionless soils with respect to
the suction are not as sensitive as cohesive soils. Thus, they
might have a larger C. More importantly, the results of best-
fit parameters show that the values of C for cohesionless soil
are around one, while those for cohesive soils are typically
near zero. This reveals that the Gunsat of a cohesionless soil in
the dry state is approximately equal to that corresponding to
the saturated state, while the Gunsat of a cohesive soil near the
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Table 4. The results of S
′
, fitting parameters, and goodness-of-fit indices of model 1 and 2.

S′ Best-fit parameters Goodness-of-fit indices

Soils n C R2 RMSE

ML-Std-Opt Cohesive soils 0.282 0.000 0.152 0.94 14.23

CL-2-Std-Opt 0.510 0.040 1 × 10−4 0.98 10.36

CL-1-Std-Opt 0.505 0.280 0.206 0.99 3.12

CH-Std-Opt 0.577 0.261 1 × 10−4 0.94 6.45

Bonny silt 0.097 0.367 0.002 0.99 14.13

Hopi silt 0.158 0.122 0.022 0.82 13.23

Iowa silt 0.121 0.148 0.014 0.96 10.59

Claystone 0.266 0.348 7.4 × 10−4 0.87 90.86

Bentonite 0.356 0.183 0.023 0.98 1.86

Missouri clay 0.227 0.322 0.003 1.00 25.92

Sand 1 Cohesionless soils 0.148 0.643 0.980 0.98 0.10

Sand 2 0.059 2.348 0.999 0.97 0.30

Sand 3 0.089 1.745 1.045 0.98 0.29

Sand 4 0.076 1.076 0.967 0.93 0.26

Sand 5 0.055 1.255 1.010 0.86 0.31

Note: RMSE, root mean square error.

dry status is substantially greater than that of the saturated
state.

5. Conclusions
A new model devoted to Gunsat of unsaturated soil is pro-

posed and verified using measured data from the literature.
The results show that the proposed model can well character-
ize the trend of SMF. Unlike previous models developed based
on an empirical basis, this new model is derived through a
rather rigorous theoretical analysis. The pores in unsaturated
soil are divided into two groups including (i) wet pores that
are saturated and (ii) dry pores that are completely dry. The
modified SWCC in the form of degree of saturation is em-
ployed to relate suction to water content by incorporating
the incompressible pores. Two parameters n and C within this
model are determined using the least-square method. Param-
eter n governs the peak of the characteristic curve of Gunsat,
while C determines the ratio between shear modulus of the
soil in the saturated state and in the dry state. The fitting re-
sults revealed that the value of C is near zero for cohesive soils
and one for cohesionless soils. The proposed method provides
an alternative method for the estimation of the mechanical
property, such as the shear modulus, of the geological mate-
rial in an unsaturated condition.
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